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ABSTRACT

This work concerns with the problem of estimating the population variance of 
inverse Gaussian distribution using the prior knowledge of kurtosis. A new 
estimator based on the sufficient statistic is obtained by using the method introduced 
by Laheetharan and Wijekoon (2007), and it is shown thdt this new estimator has a 
gain in efficiency with compared to the estimator based on the sample variance 
given by Searls and Intarapanich (1990) and Wencheko and Chipoyera (2007). To 
make the comparison, the scalar mean square error loss function is utilized, attd the 
relative efficiency of the estimator is shown by considering different values of 
kurtosis with increasing sample size.
Key words: Inverse Gaussian, Kurtosis, Optimal shrunken estimator, Scaled mean
square error loss

INTRODUCTION

The inverse Gaussian distribution (IG) known as the first passage time distribution 
of rownian motion with positive drift, is now widely used to model positively 
skewed data in diverse areas of applied research as cardiology, hydrology, 
demography, linguistics, employment service, labor disputes and finance (see, 
Chhikara and Folks, 1989; Seshadri, 1999). One of the problems that the researchers 
are involved is the estimation of mean and variance of this distribution. Korwar 
(1980) has derived the uniformly minimum variance unbiased (UMVU) estimator of 
the variance and its reciprocals, and Iwase and Seto (1983) have obtained the 
uniformly minimum variance unbiased (UMVU) estimator of the cumulants 
including mean and variance of this distribution. The estimation of mean and 
variance having known prior information such as coefficient of variation, kurtosis or 
skewness of the distribution concerned is considered recently in the literature. Searls 
(1964), Khan (1968) and Amholt and Hebert (1995) utilized the known coefficient 
of variation on estimating the population mean, and recently Wencheko and 
Wijekoon (2005) further improved their results and derived shrunken estimators for
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of variation on estimating the population mean, and recently Wencheko and 
Wijekoon (2005) further improved their results and derived shrunken estimators for 
the mean in one parameter exponential families. Searls and Intarapanich (1990) and 
Wencheko and Chipoyera (2007) have developed alternative estimators for the 
population variance over the traditional sample variance when kurtosis is known, 
and showed that their estimators have minimum mean square error over the sample 
variance.

The goal o f this paper is to derive an improved estimator over the estimator given by 
Wencheko and Chipoyera (2007) for the variance o f the inverse Gaussian 
distribution (IG) when kurtosis is known. Some applications o f known 1G- kurtosis 
are presented in Kolodziejski and Betz (2000). To assess the efficiency o f the new 
estimator, the scalar mean square error loss function is utilized, and the relative 
efficiency o f the estimator is shown by considering different values o f kurtosis by 
increasing the sample size.

OPTIM AL SHRUNKEN ESTIM ATORS

Gleser and Healy (1976) have considered the minimization o f mean square error of 
linear combination o f two uncorrelated and unbiased estimators o f 9 having a 
known coefficient of variation. By improving their results Laheetharan and 
Wijekoon (2007) have developed a general method to estimate a function o f 9, say 
g(G), when prior information (coefficient of variation, kurtosis, skewness etc.) is 

■ available, and this can be used to estimate the mean and variance o f distributions 
since they are functions of unknown parameters. According to their method a 
shrunken estimator for g{9) can be obtained, and this estimator has uniformly
minimum mean square error ( MSE) in a certain class. These results are summarized 
in the following theorem:

Theorem 1 (Laheetharan and Wijekoon, 2007)

Let X  -  (X } be a random sample from a population with distribution 
f{x \0 ) and g(&) be a real-valued function on the parameter space 0 .  Let T(x) be 
a point estimator o fg(#) with £'[7’(A')]= kg(0) where it e  SR, and without loss of 

generality, assume that/: > 0 .  If the ratio r J = [g(0)]~2Var[T(x)\ is independent 

o f0 , then Tt { x ) = a T { X )  has uniformly minimum MSE(\ng(&)) among all 
estimators that are in the classCT(a)=  {aT(AT)| 0 <a  <oo}, where
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minimum MSE is given by

Laheetharan and Wijekoon (2007) have applied this method to derive class of 
shrunken estimators for both mean and variance of natural exponential family of 
distributions with known coefficient of variation. However this theorem can be 
applied not only to obtain shrunken estimators for the exponential family of 
distributions but also to other distributions which are not members o f this family. 
When applying this theorem to find shrunken estimators for the population mean 
and variance, g(0) is taken as the mean or variance o f the distribution, and T{x), 
preferably a sufficient statistic if available, is a point estimator ofg{&).

IG DISTRIBUTION AND SHRUNKUN ESTIMATORS FOR IT’S
VARIANCE

Suppose the random variable X t has an inverse Gaussian distribution with mean 

fi> 0 and scaling parameter X> 0, and we writeX t ~  1G(ji,X), i = l - n.  The 
probability density function o f IG distribution is given by

with E(X i ) = n  and Var{Xt ) = / / 3/>l. Hence the joint probability density function 
is

and that implies the distribution belongs to the exponential family. The statistic 
T{X) = J ]"  X { is sufficient, and the first four cumulants o f this distribution are

kx =  £ [ r ( x ) ]  =  n /r , tc2= Var[r(X)] =  nfi^/X, «r3 =  3n / / 5/ ^ 2 , and

ka =  15rtf*1 .

Note that the kurtosis is the degree o f peakedness o f a distribution, and defined by

( 1)

which is the normalized form o f die fourth central
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moment o f the distribution, where n } = E[X-E(X)]j is the j ' h central moment and 

Kr is the r th  cumulant o f the distribution.

The kurtosis of the IG-distribution is given by or4 = kJ k] =15fx/X,  and hence 
X = 15 i i l a A. Thus A'', ~ IG{//,l5a^1 fx) , and this indicates the distribution belongs to 
the curved exponential family when the kurtosis a^ is known. Now using cumulants 
we derive the moments of T{x) as follows: (Lehmann and Casella, 1998)

E{T(X))2 = k 2 + k 2 = « ((///A) + n)/i2 = n ((a4/15)+ n)fi2. (3)

E(T{X)Y =k.+3k k̂2 + k] = n(n2 + 3n /xf X + 3 n 1 f  £ )n 3 = n (n2 +w a4/5 + a 4/75) / / 3 (4)

= k a +3*2  + 4/c,/c} + 6/c2/c2 +rc* = n(n2 + 6 n 2 v / X  + 1 5 n t i 2/ X 2 + \ 5 m * / X 2)m * ^  

= n  (w3 + 2n 2 a 4/5 + n a 42/l5  + a 3/225)/*4

Note that according to (3) the statistic {t {x )Y =
f  n 2

i  can be used as an

estimator for ju2. Since Var{X,)=aA/x2 / 15 this estimator is important for 
estimating the variance o f the distribution when kurtosis is known. Now we consider 
the optimal estimator for pi1 belongs to the class CTi (a) = {a(r(.Y))2 10 < a  < ooj,

where T { X ) = ^ jX i .
i«i

Let T ,(x )= [ r (x )]2 = ( ] £ * ,  m<i ? M = a 4^ / l 5 - Then according to (3)
v <=i y

E\ri(x)[= kg{jx) with k = 15« ((a4/15) + « ) /a A. Also using (3) and (5) we obtain

M(r,(X))] = Var^ixf ]= £(r(*))' - (£(r(x))!)
= n(n3 + 2 n 2 a 4/5  + n a 4/ l5  + a 4/225)^4 - ^ ( t a / ^ + n ) / * 2]2.
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Now by applying theorem 1 we can show that
a ‘ k _________15(l5i» + g 4)

k2 + t2 225w3 + 90n2a A +15na4 + a 2

r 2 = n(n3 + 2n2 a A /5 + n a 2 / l  5 + a \ /2 2 5 )-  [n((a4 /15)+ «)]? which is independent 
of unknown parameters. Hence the optimal shrunken estimator of 
g(M) = Var{X')'m the class CT) (a) = \z{r{X )f 10 < a  < oo} is

r,*(x)= _______ 15(l5n + g 4)
225n3 +90 n2a A + 1 5 n a4 +aA

( n  V

IX
V f-i J

(7)

n
Note that the estimator T*(X ) is based on the sufficient statistic ^ X t . Since the

;=i

common estimator for the variance is the sample variance S2 -  -

now we derive another estimator based on S2, which is a uniformly minimum mean 
square error estimator in the class Crj(a)= 10 < a  <oo|. Note that

£(s2)=(72= /̂3//l,and

Var(s2) = - k a +3 k \ _ i
*2J= - k +3-f"-3]l

L U - U  J n[ kI W-UJ nL k«-UJ
(8)

Now we apply theorem l again with T2(x) = S2 ,k = 1, and g(cr2)=  a 2. Then we

. _ 2 Var\Tix)1 Varls2) i f  _ . .can show that r 2 -  r 1 v =/J = ----k—* = — a 4 + 3 - ----- - , which is
[ g (a 2f  »L U-UJ

and
1

a  =

o f o '2,independent
. k = 1____________ _____________________

* 2 + r 2 l + rt~l [ar4 + 3 - ( n - 3 ) ( n - l ) " ‘] aA/n + (n + \ ) / (n- \ )

This gives the optimal shrunken estimator
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1
(9)t;{x )=

( « 4  / « )  +  ( ( « +  ! ) / ( « - I ) ) 1

for the variance a 1-  f j2 jX in the class CT {a) = \fcS2 10 < a  < °o|. Note that this
estimator is already proposed by Searls and Intarapanich (1990), and Wencheko and 
Chipoyera (2007), and it is interesting to notice that the same estimator can be 
obtained by applying theorem 1.

MSE COMPARISON OF ESTIM ATORS

To assess the efficiency of estimators Tt' ( x )  and r 2‘ (X ) , the Scalar Mean Square 
Error Loss (SMSEL) function will be used, since it is more appropriate for the 
estimation o f a scale parameter and is independent of unknown parameters. The

SMSEL function is defined as MSEL(&)= £ $ @ -9 ^ 9 $  = MSe [&)/02 , where

M SE(#) is the mean squared error o f the estimator 6 of an unknown parameter#. 
(Refer Kanfuji and Iwase, 1998). Then for the estimator T ' ( x )  defined in theorem

1 we can easily show that MSEU [ r  (* )] = M SE\f' (x )]/(g (# ))2 = t2 (k2 + r 2)"'. 

Note that MSEU = 0 when the estimated value is equal to the actual value so that 

the distance between T ' ( x )  and g(&) is around zero.

Note that the scalar mean square error loss o f T*{x) defined on the class Cr (nr) is

= r : (*» + T> )" -  {- ■ a ;(6? " ‘. t L4-2 ? .  I
[225n3 + 90n2nr4 +15na\  + nr4 j

and the scalar mean square error loss o f T^{x)  defined on the class CT} (nr) is

( 10)

M S£j7V (X )]
nr4(n - l)+ n («  + l) ( 11)
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Now we investigate the MSEU of Ty'(x )  and T^(x) by increasing the sample size 
for three different values o f kurtosis, and the results are shown in the figure 1.

Figure 1: MSEL versus n (>1) the variance of shrunken estimators of IG 
distribution for kurtosis = 0.5, lan d  2.

Figure 1 demonstrates that T ^ X )  is always less efficient thanr,*(x). Also 
MSEU o f both estimators depend on the kurtosis , and as a 4 decreases, 

MSEU decreases. When sample size increases the MSEU o f both estimators 

approximate to zero.

The relative efficiency (RE) o f the two estimators is given by

RE =
MSE t; (x )
MSE k ( * )

= (g4(w-l)+2n)(225/i3 + 90»2g 4 + ] S n a t  + g 43) 
a 4(af4(«-l)+n(w + l)X60»2 +14nor4 + a 42)

( 12)

Figure 2 shows the behaviour of RE versus sample size for three different values of 
kurtosis.
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Figure 2: Relative efficiency (RE) versus sample size n (>1) for kurtosis
(ku) = 0 .5 ,1 ,2 .

According to Figure 2, it is clear that T* (X) is always more efficient than T2(x), 
and efficiency' increases as n increases up to a certain level and then stabilizes. 
However the RE decreases when kurtosis a„ increases.

CONCLUSION

It has been seen that the estimator T’(x)  based on the sufficient statistic has a 

considerable gain in efficiency with respect to the estimator T2'(x)  based on the 
sample variance when kurtosis is known even for a small sample. For large samples, 
r,* (x ) is still more efficient, and both estimators have very low Scaled Mean 
Square Error Loss.
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