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ABSTRACT

The theory of Multivariate Isotonic Regression plays a key role in the field of
statistical inference under order restrictions for vector valued parameters. This
paper which reviews some developments of multivariate isotonic regression includes
an algorithm for computing multivariate isotonic regression along with its

convergence, estimation’ and tests in multivariate normal distribution and some
applications.
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INTRODUCTION

Many situations occur in statistical analysis where thc statistician has prior
knowledge in the form of order restrictions on the parameters under investigation. In
the most common case where data are arranged in ordered groups, the mean value of
a random variable is assumed to change monotonically with the ordering of the
groups. For example if we want to know whether the average height of the children
of an area increase year by year, we expect it to be possible to make better statistical
inference both in estimation and hypothesis testing on the group means when this
prior information is fully utilized than when it is ignored. Thus statistical inference
in the presence of order restrictions is an important area in statistical analysis.
[sotonic regression theory plays a key role in this field. Most of the theory related to
this has been reviewed in Barlow et al. (1972) and Robertson et al., (1988).

The method of maximum likelihood is one of the general approaches to the
inference under order restrictions. Bartholomew (1959a; 1959b; 1961) derived the
likelihood ratio test for the problem of testing the equality of the means of several
normal populations against an order restriction on means. Suppose that we have a
sample of independent observations x,, x,,.. .,X;, where x; is drawn from a
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normal population with unknown mean §; and known variance ¢2,i = 1,..., k. We
are concerned with the testing problemHy: 6, =60, =---=8, versus
Hy:(0,,0,,...,08,) satisfies some order restriction. A particular form of H, to
which a considerable attention has been devoted is 6, < 8, <--- < @,, not all ;s
equal. referred to as the case of simple order. The maximum likelihood estimates
under H; lead to the following quadratic programming problem:

minimize 31 (x; — 6;)* w; (1)
under the restriction that (84,60,,. . .,8,) is constrained by some partial order,
where w; = 1/02. The solution to this is furnished by the isotonic regression
of x4, X3,. . ., X, withweightsw,,. . . ,w,.

A number of algorithms have been developed in the literature for calculating the
isotonic regression and they are discussed in detail in Section 2.3 of Barlow et a/.
(1972) and Section 1.4 of Robertson er al. (1988). In the case of simple order a
simple iterative algorithm called Pooled Adjacent Violators Aigorithm (PAVA) is
available. Cran (1980) gives a subroutine for computing the isotonic regression
using up and down blocks algorithm in the case of simple ordenng. Some resuits
and algorithms related to this can also be found in Geng and Shi (1990), Hansohm
(2007) and Hansohm and Hu (2008).

A multivariate generalization of the isotonic regression including the mulitivariate

— =2 . .. .
extensions of weli-known Batholomew’s )(2 and E statistics was first considered
by Sasabuchi er al. (1983). This theory enables us to study statistical inference for
ordered vector valued parameters or sets of ordered parameters. Let X; be

independent p-variate normal vectors with mean vectors 6; and covariance

matrices A;, i = 1,...,k. We are concerned with the probT;m of testing Hy:
0,-65- ... O against H,:(8,.8,, ..., 6;) satisfies some order restriction. A
particular form of H, to which much attention is paid is 8, < 8, < -- - < 8, where
6; < 6, means that all the elements of 6; -_6; are non negative. The standard

method of finding the maximum likelihood estimator under Hy leads to the
solution of the multivariate generalization of the quadratic programming problem
given by (1), which is

minimize TX.,( X; - 8;) A7 (X; - 6;) )
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under the restriction that 8=(6,,8,, ... ,0y) is isotonic with respect to some
partial order. The solution to (2) is the multivariate isotonic regression (MIR).

Sasabuchi er al. (1983) proposed an iterative algorithm for the computation of MIR
in the bivariate case and studied its convergence. Again Sasabuchi et al. (1992)
extended this algorithm to the general multivariate case and obtained conditions for
the convergence of the algorithm. Sasabuchi et al (2003) examined the
convergence of the algorithm when the dimension is three and four through
simulations and observed that the findings are exactly similar to those in the
bivariate case. A Fortran program for the computation of the general MIR along
with two examples of different types to illustrate the applications of MIR is given in
Fermando and Kulatunga (2007). The convergence of the algorithm, when the
dimension is greater than or equal to five, has also been investigated there. Although
the convergence of the algorithm is not proved except under certain conditions, the

simulation studies show that the algorithm converges in situations where the
conditions are not satisfied.

Kulatunga and Sasabuchi (1984) derived the likelihood ratio test for testing H,
versus H, in the multivariate case, studied its null distribution and observed that the
null distribution of the likelihood ratio test cannot be computed except for some
special situations. Nomakuchi and Shi (1988) proposed another test by combining
best linear tests considered by Abelson and Tukey (1963), Schaafsma and Smid
(1966) and Kudd’s (1963) multivariate analogue of the one-sided test. They have
studied the power of the test and their results indicate that their test is not uniformly
more powerful than the likelithood ratio test. It has been observed that the likelihood
ratio test would be desirable but the covariance structure of the covariance matrices
other than the independence with equal covariance matrices causes grave problems
in distributional theory. This leads Sasabuchi et al. (1998) to propose three test
procedures and study them through extensive simulations in the bivariate case. The
same test procedures were again studied by Sasabuchi er al. (2003) when the
dimension is larger than two and obtained a few different results. When covariance
matrices are common but unknown, the testing problem was recently considered by
Sasabuchi ef al., (2003). They proposed a test statistic, studied its upper tail
probability under the null hypothesis and estimated its critical points.
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DEFINITIONS

LetK ={1, ... ,k} be a finite set on which a partial order « is defined. The

partial order on K may or may not be the natural order among positive integers 1 <<
2 <. ..« k,which is called the simple order.

Definition 2.1. A real vector (8,, ... ,8,) is said to be isotonic with respect to
the partial order «, if 4, ve K and 4 < v imply 6, < 6,

Definition 2.2. Given real numbers x;, ...,x, and positive numbers
wy, ...,Wy, a vector (8,, ...,8;) is said to be the wunivariate isotonic
regression of x,, ... ,x, with weightswy, ... ,¥; if it is isotonic and.
minimizes '

K (X, —6,)%w, under the restriction that (8, ... ,8) is
isotonic.
Definition 2.3. A p X k real matrix 8 = (6,, . . .,8),) is said to be isotonic with

respect to the partial order << , if u,v e K and y < vimply 6, < 6,, where 6, < 8, .
means all the elements of &, — 6, are non negative.

Throughout this paper ning (.) denotes the minimum for all € isotonic with respect..
to the partial order <.

Definition 2.4. Given p dimensional real vectors x4, . .. ,X; and P X p positive
definite matrices A, , ... .,A,, a pxk matrix (8,, . .. ,8,) is said to be the
multivariate isotonic regression, in fact p-variate isotonic regression, Of
Xy, .. ..x, withweights A[Y ... A;! ifitisisotonic and satisfies

min £, (x,-6,) A51(x,-8,) = I, (%, - 8,) Az (x, —8,).

To give a geometric interpretation of the MIR, for given p X & real tqatﬁces, Vg
(Vg, Vo, « ..,V )and z=1(2.,2,, . ..,2,), wedefine (y,2)=1X, y,2 “lz,. ans
d(v,z)= J(y—z,v—2).
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It is clear that (.,.» and d are inner product and metric in pk-dimensional Euclidean
space. Further define @ to be the set of all p X & isotonic matrnices. It follows easily
that ©is a closed convex cone and the multivariate isotonic regression of
Xy, . .- X, withweights A%, ..., A" is theclosest pointof x = (x;,. . . .: X,.)
to © with respect to the metric d. Then from the general thcory of convex analysis it
follows that, given any partial order and weights, the MIR exists uniquely for any p
dimensional real vectors x4, .. . .xg.

AN ITERATIVE ALGORITHM FOR COMPUTING MULTIVARIATE
ISOTONIC REGRESSION

In this section the algorithm for computing multivanate isotonic regression proposed
in Sasabuchi et al. (1992) is given.

According to Definition 2.4, the problem is to find a p X k real matrix

By .- - u\ 1

=(6,.6,,.. ..8,) = .- 6°

9 . ) Ve
for given p-dimensional real vectors x;,... ,x, and p Xp positive definite
matrices Ay oL LA which minimizes
L@ ....0")=3%*_.{(x, —G)A"l(x —8,) under the condition that @is
isotonic. As seen above, the right-hand side is expressed as a function of 84,. . ., 8,.
But L is defined as a function of 6!, ... ,8% because of the convenience in
describing this algorithm. When the weight matrices are diagonal, as in the case of
bivariate isotonic regression (cf. Sasabuchi et al., 1983), L{8*., .. .,0%) can be

written as follows:

L6, .. .,87) -ZZ(xw-ew)zzm,

i=lv/l

where %, = (%,,, ....,x,,) and A, is the (i,iJth element of A,. Thus the
multivariate isotonic regression can be obtained easily by applying the methods of
computing univanate isotonic regression to each term of the sum separately.

Now suppose that at least one weight matrix is not diagonal and in this case L can be
rewritten in the following p forms:
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L(8 .. ..,87) =f£(8° ...,8°)+g.(8% ...,687)

................................................................

---------------------------------------------------------------

= f,(0' ... .87 +g,(8* ....07), where

X
fi(ai’ .. .,87Y g .ep) = Z(xy(i} - evit)) At—:(:)(xu{x} _av':i})’
v=1

g:.(6% ...,87)

-

- ) -1 7. -
= Z W, %i} [(xtv - eu’) - A'\'(i}Av':i) (:‘ vliy 9&(!})} ’

w":(f) = A‘Vlf - A;’(i)Az-p(lx)’lv(f)t i’= 1’ LI !p ) Y= 13 * s ’k’

x o and 6, are the column vectors obtained after deleting the ith element of x,
and 6, respectively. A is the (p — 1) X (p — 1) submatrix obtained after deleting
the ith row and calumn of A, and 4, is the vector obtained after deleting the ith
element of the ith column of A,

Sasabuchi er al. (1992) described an algorithm of stepwise approximation to the
MIR, where the nth approximation of the {th row vector 8° computed at (, i) step

(n=12, ...,i=1, ...,p) is denoted by
n} — (n) (”} .

oM = (o, ....87) i=1. ....p

From the (1,1) step to (1,p — 1)step of our algorithm, the first approximation

o¥V .. @71 of @1 .. 6P s iaken arbitrarily.  For

lnStance, 9'(1" (le, v e r-x;'k)g l = 1-' ¢ "p i 1.

In the (,p) step, find the first approximation 87V of 9?7 In fact find isotonic §2\L
such that

mjn* LY, .. .,877%D g7) = (2, |, gr-1D0 87 ¥) or equivalently

nelyl« gp(el(ﬂ’ .. 'G’P—i(l)'e?) = gp(aif.i}’ . ’9;:-1(1‘."9?(1‘)).
(1) . . N . .
Then epv) is just the univariate isotonic regression of

: 3 -1 f — v : :
{1;,\, —~ Aup) Nuip) \ Xvip) 9v(p3] with weights
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e S — 1. AT 3 )-1
Walpy = (’1"?? vipd N o 234 () y

After computing 6™, . . 87'*' at (n,1) . .. ..(np) steps, respectively,
procced to (1 + 1.1)step, where 81'""1' js determined by the following relation
with the condition that 837~ 1} {5 isotonic:

< & 2l T (s’ D : |'?:‘ . .
min’ L(6*,6%7, (. .,0°") = (g*" 2,97, | .. ,87")or equivalently

e & 1 2(:2} lin} —_— l.l:'.':-i-i:‘ 2':?!} .'P(?‘l}
nell‘»-_n gl(a ,6 ? e s e pep )‘—' gl(e ,9 ' [ v . ,-8 )u
3 . . 18, %
In general, at (n + 1, ) step, find an isotonic 8:“***' such that
miP. L(su_na-u’ L .6!-1.:.?!4-1,!.8'!' eu’-!.trz.%' L ’391.?2)) -
(eziu-u»o. ... .gi-uaed gilne Q plet(nd ’gpira)
or equivalently
min®g (8", L. et R gt gty gy =
g (81T, . gT-Hm I gitaan gisiny - gin

Continuing in this manner, at (n + 1, p) step find an isotonic 87"+ * such that
rg.y_l, L(Gl‘i’"“), o '6?-1(?1‘-&-1}’6?) — L(Bl(’ﬁi), o ’6;:!-1(.’:+ 1‘}‘ ap(n-fn) or

equivalently

in 1ln+ —1{n+1) — 1(n+1 ~1{n+1) pgpn+1}).
mip™ g, (610, ... Pt gr)= g (gimD, . grilntd) grln),

Here an iterative algorithm has been demonstrated in which each cycle of recurrent
computations consists of p subcycles; each revises one row vector while the other p
-1 row vectors are tentatively fixed. In fact this algorithm involves iterative

computation of univariate isotonic regressions. Thus at each step 81, | ., g7~
are determined uniquely.

CONVERGENCE OF THE ALGORITHM
The utility of the algorithm described in §3 lies in the following theorem which

states that if the sequences {6‘('0 }, i=1,....,p converge, then the resulting
values are the MIR.
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THEOREM 1 (Sasabuchi, Inutsuka and Kulatunga,1992)
If lim g =gil=l i=1,..,p

n—oe
exists, then the p X k matrix 8¢==(g%=, ... 7<)} is the MIR of
X4 - . - .X with weights ATY, .. . AL

The convergence of the algorithm has not been proved yet in general. However,
Sasabuchi er al. (1983, 1992) obtained some results on the convergence of the
algorithm and they are stated below:

COROLLARY 1 (Sasabuchi, Inutsuka and Kulatunga (1992))
When the weight matrices A’s take the form, forv = 1"..,k; {=1,....p,

A‘Vij =a;;1pvs { $]; Aw} =05’ Where Avi)‘ is the (Z,)')-th
elementof A,,, the

sequences {¢“} convergeif - (2p—3)"*<p, <1, wv=1,..,k

Recently Fernando and Kulatunga (2007) studied the convergence of the algorithm
through extensive simulations when A, , ... ,A, are equally correlated matrices
whose diagonal elements are 1 and off-diagonal elements are p. These matrices are
positive definite if and only if - (7 —1)™* < p < 1. From the above corollary, the
algorithm converges to the MIR if -(2p—-3)" ' <p< 1 This study was
conducted by generating 1000 sets of &, p-variate random numbers with mean
vectors (0,0, . .. ,0), unit variance and correlation coefficient p, where k = 2 (2)
10 and p=-0.2(0.1) 0.9 forp=5and pg=-0.1 (0.1) (0.9) for p = 6 in order to
ensure that the covariance matrices are positive definite. The iterative computation
is terminated when the maximum norm of the difference between (n-1)th
approximation and the nth one is smaller than 107°. It is revealed in the simulation
study that the condition of Corollary 4.1 is not necessary for the convergence of the
algorithm. For example when p = 5 and p = -0.2, the weight matrices are positive
definite but the condition for the convergence is not satisfied. This fact has also been

observed in the previous studies conducted for different dimensions (see Sasabuchi
et al. (2003).
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ESTIMATION AND TEST IN MULTIVARIATE NORMAL DISTRIBUTION

Let X, be independent p- variate normal random vector with mean vectors &, and
covariance matrices A, (v = 1 . . . k). Then it follows from the Definition 2.4 that,
when A,'s are known, §,, the MIR of X, with weights A_~? furnishes the
maximum likelihood estimate of 8,, under the restriction that (8,, ... .8,) is
isotonic. When A, = ¢°I,, where o? is unknown scalar factor and T}, is known, the
maximum  likelihood estimates of 6, and o7 are 8., and
L.(X, —8; )r;}(x,.— 8: )/pk respectively, where 6. is the MIR of X, with
weights I',"? (see Sasabuchi er al.. 1983).

Now we consider the testing problem having null and alternative hypotheses
asH,: 6,=.-.-=6, and H,_: (8,, ... .8,)isotonic. The following theorem
gives the likelihood ratio test statistic in the multivariate case.

THEOREM 2. (Sasabuchi, Inutsuka and Kulatunga, 1983)

When A, is known, thé likelihood ratio test rejects H, for large values of
?i,p7= Z, (ﬁv - i) A (gv - ;)’

where X = (Z, /\;1)“1 T.A7 X, and §, is the MIR of x,, with weights AZY. If

A, =o?T,, where o2 is unknownand T, is known and an independent estimate

S of o7 based on a x? distribution with m degrees of freedom is available, the
likelihood ratio test rejects £, for large values of

E.,= Z(e; ~-X) T;(6: - X) / {Z(x,, —X)r(x, - %) +m5}.

where 8, is the MIR of x, with weights I, *. If such an § is not available, i.e. only
Xy o+ . 4X, are available, the likelihood ratio test statistic based on the joint

distribution of X;, . . . ,X, is obtained by putting m$=0 in E, .

Null Distribution of f:” when covariance matrices are known

The testing problem can be converted to the multivariate analogue of the one-sided
test of Kudo (1963) or to its generalization of Kudo and Choi (1975), but the null
distribution of the test statistic cannot be computed exactly except for some special
situations. According to the theory of multivariate analogue of one sided test, the
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null distribution of Zi,p is a weighted sum of y- distribution functions in the case of
simple order alternative. The main problem arises here in the computation of
weights. But according to Sun (1988) the upper tail probabilities of ')?i@ can be
computed only for the values of k and p such that (k— 1)p <£9. However, Kulatunga

and Sasabuchi (1984) showed that, when A,'s are diagonal each of the weights is
expressed as a convolution of the weights of the null distribution of Bartholomew’s

(1959) E“' ,. statistic. In addition if A;’s are all equal, the weights are computed by a
recurrence formula given and tabulated in Kulatunga (1984). Hence when A\.’'s are
all equal and diagonal, the null distribution of ¥, and thus it’s upper tail

percentage points can be computed exactly. The above results are summarized as
follows:

When A}’s are diagonal with diagonal elements dyq, .. .,dy, v=1, ...,k
the likelihood ratio statistic is of the form
— 2
?Czt,p 125-1 d—i ( ; — X i) ’ (3)
where X, = (Z*_,d;1) "(3*.,d;1x,) and (8. ....B8..) is the univariate
isotonic  regression of (X, ....X,,) with weightsd;l, ....dg},
=1, ...,p.

THEOREM 3. LetA,’s be common and diagonal and the alternative
be Hi'.:gi ..<..:- - S gk'

If H, is true, then for ¢ > O,

P(X; —C—z L Ok, p)P(X[, 2¢) | )

and P (iim = 0) = 7P,

where x7_ denotes the chi square random variable .with ! — p degrees of freedom

and Q(L k,p) is the convolution of probabilities P({, k) used in order restricted
inference. (cf. Kulatunga, 1984)

A computer program for computing @{l k,p) is given by Shi er al. (1988).
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As stated above, it is observed that the covariance structure other than the
independence with equal covariance matrices causes gave problems in computing

the null distribution of ZZ »° Thus Sasabuchi er al. (1998) proposed the following

three test procedures and studied them by extensive simulations when the dimension
is 2 and the alternative hypothesis is the simple order.

Test | Ignore all the off- diagonal elements of A, =1, . ..,k) and replace
them with zero. In other words we construct the test as if independence was assumed
in the multivariate variables. Compute the statistic (3) and use the right hand side of
(5.2) as an approximate evaluation of significance probability.

Test 2 Compute the statistic }Ez, , but the right hand side of (4) is used as an
k.p

approximate evaluation of significance probability. That is we use the original

likelihood ratio test statistic, but choose critical points as if independence in the
multivariate variables was assumed.

Test 3 Use the true likelihood ratio test statistic }i.ﬂ and its critical points estimated
by simulation.

One reason for proposing T1 and T2 is that the convcnience in computation. But an
important theoretical reason can also be given. In the univariate case of the problem
considered here, Robertson and Wright (1983) have shown that the equal weight
approximation is satisfactory for the null distribution of 7; statistic except in
extreme cases. The reason for this is that the level probabilities P(l,k) are fairly

robust with respect to the weights. The null distribution of Ei}_p statistic 1s also

expressed as a weighted sum of x* distributions and the weights correspond to the
P(l,k)'s in the univariate case. On the analogy of the univariate case, we can expect
that these weights are also rather robust with respect to the covariance matrices.
This consideration motivates the authors to set covariances equal to zero and to take
common (equal) diagonal matrices case as an approximate distribution.

In the simulation study conducted by generating 100,000 sets of ¥ bivariate normal
random numbers with mean vectors (0,0), unit variance and correlation coefficients
p, Sasabuchi ef al., (1998) estimated the effective sizes of T1 and T2, and critical
points of T3 and conducted a power comparison of the 3 test procedures . They have
observed that the effective sizes of Tl and T2 are larger than the given nominal

significance level when p > 0, and smaller than the nominal significance level

27



when p < 0. Thus, when p < 0, T1 and T2 are conservative and we can compare
the powers of these tests only when p < 0.

Power companion was done by selecting three directions to fully represent this
alternative region. The alternative region in this problem is a convex polyhedral
cone in the 2k-diemensional Euclidian space. The first direction is near the center of
the cone, the third direction is near its edge, and the second is between these two. In
the univariate case, Robertson et al. (1998) suggested that maximum and minimum
powers over H, of #3 test occur at the above first and third directions respectively.
Similar observations can be expected in the multivariate case too. The results of the
simulation showed that

(1) T3 has the highest power near the center of the alternative and the lowest power
near its edge. Also the power of T3 is rather high and stable over H, and uniformly
much higher than that of the usual x? statistic used in unrestricted alternative
hypothesis. (ii) T3 is uniformly most powerful of the these test procedures and (iii)
The power of T1 is uniformly lower than that of T2. When p is small, the powers of
T1 are even lower than that of usual y? test (iv) The powers of T2 when p < 0, and

T3 are considerably higher than those of y? test. Also there is no significant
difference in powers of T2 and T3.

Thus T3 performs best, but it is based on the critical points of .'1-':,,, estimated by

simulation. It is rather unpalatable to expect researchers to set up the machinery to
perform simulations in general to find critical points. Based on the results of the
simulation study the following recommendations were made:

(a) T1 cannot be recommended.

(b) When p < 0 they have recommended T2 for practical use because it is

simpler than the likelihood ratio test while the overall power is satisfactory.
(c) When the correlation coefficient is positive, T3 is recommended.

This idea is quite similar to those of Robertson and Wright (1982, 1983) where in
the univariate problem they consider equal weight approximation or probability
bounds of ¥; statistic for unequal weights case.

The simulation study considered in Sasabuchi er al. (1998) is modest in the sense
that only the bivanate case has been examined there. In general compared to the
bivariate case, higher dimensional cases often have more difficulties and
complexities, and sometimes show different phenomenon. The same test procedures
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have again been studied by extensive simulation by Sasabuchi er al. (2003) and they
obtained a few findings which are different from those of the bivariate case. in fact
the above findings mentioned in (i), (ii) and (iii) for the bivariate case are quite
similar in the general case. But in the multivariate case the power of T2 is uniformly
higher than that of the x- test, but much lower than that of T3. Also it has been
noted that the difference between the power of T2 and that of T3 becomes larger as
the dimension p increases. Because of this reason Sasabuchi er al. (2003) suggested
that we should not use T2 as an alternative to the true likelihood ratio test T3 when
the dimension is greater than or equal to 3. Although T3 needs to estimate its critical

points by simulation, this might not be a serious problem for moderm day computers
with high speed CPU.

Testing Problem when Covariance Matrices are Common and Unknown

When the covariance matrices are known the problem of testing the homogeneity of
several normal mean vectors against some order alternatives has been studied to
some extent in the literature. Recently Sasabuchi et al. (2003) considered the same
problem where the covariance matrices are assumed to be common but unknown. In
the univariate case, this problem has been studied by Bartholomew (1961) and many

others, and the likelihood ratio test statistic is well known as ff . Sasabuchi and
Kulatunga (1985) showed that moment approximation of the null distribution of

—2
E, statistic can be used in most practical applications.

The problem and the proposed test statistics

Suppose X.,, ... ,X, are random samples from a p-variate normal distribution
il iN; p

N,(p,3)i=1, ...k, where £ is assumed to be unknown and
N1+ -..+Nk>p’§-k.

When Z is known, by Theorem 1, the critical region of the likelihood ratio test for

H,0,=+-. =8 verses H;:8, <. .. < 6, is given by
k

] '. ~ —— - ~
%, = ) N8 -X)E(@,-%) 2 q,

=1
where (8, ....8,) is the MIR of X, .... X, with weights
NiZ7% .. . ,N,Z7Y, ¢, is a positive constant depending on the significance level,
— - - N . o . —— - -1 —
X=NT D X 0=, . kand X = (TR, N,) X, NX,
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In the present problem X is unknown and the likelihood ratio test for H, versus
H{ has not been obtained yet. Replacing the unknown covariance matrix in the

X, Statistic by its estimator

S = Zg‘._.l}:;; (x, 5= X)) (x, ;- X:). Sasabuchi ar el. (2003) proposed the
following test with a mathematical justification of the plausibility of this statistic:

T =X N (8,-%)s(6—%) 2 c; = reject Hy,

-

where (6,, ....8,) is the MIR of X, .... X,with weights
N,S™', .. .,N,57} and c, is a positive constant depending on the significance
level.

. TR . 3 .
To conduct the test using T it is required to compute the supremum of its upper tail
probability under H,, that is,

supsup P,y (T = ¢)
T H, '

arbitrary constant c. Here £, s denotes the probability measure corresponding to the

parameters 6 = (91 .. 9,,) and %, sup, denotes the supremum for

6,. ....6, with 8, -+-=8,, and supy denotes the supremum for all p Xp
positive definite real matrices.

They have proved that for any real number c,
supsup P, ;(T*=c) = Pou, (T* 2 0),

£ H,
where
x _ L &
T" = ZN:'@& _X) 5-1(}:' "‘X) "S—'Z N; O_(u - 9:‘1) )
i=1 i i=1
X,, is the first componentof X, i = 1,2, . ...k s, is the (1,1)th element of S,
and (@,,, ...,B,,)isthe MIRof X,,, ...,X,, withweights Ny, ....N,.

Though the exact distribution of T is not known, the approximate value
of Py (T* = ¢) can be easily obtained using Monto Carlo simulation generating

standard normal random numbers. Upper a points estimated by simulation for
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various values of p and & when « = 0.01,0.05 are given in Table | of Sasabuchi er
al. (2003).

SOME APPLICATIONS OF MULTIVARIATE ISOTONIC REGRESSION.

Two types of numerical examples are given to illustrate the applications of MIR in
Fernando and Kulatunga (2007).

Example 1 (This example is taken from p.257 of Johnson and Wichern, 1998)

The Wisconsin Department of Health and Social Services reimburses nursing homes
in the state for the services provided. Nursing homes in the state are classified into 3
groups: private, non-profit and government. A study was conducted to investigate
the effects of 3 groups on costs. Four costs, computed on a per-patient-day basis and
measured in hours per-patient-day were selected for analysis: cost of nursing labour
(i=1), cost of dietary labour (i=2), cost of plant operation and maintenance labour
(i=3), cost of housekeeping and laundry labour (i=4).

The simultaneous homogeneity of mean vectors against an increasing trend in three
independent groups of data is considered here.

Summary statistics for each of the 3 groups (types) are given below.

Group Number of Sample mean vectors
‘ observations
V= Year | =271 '2.066 2.167
v = Year 2 n,=138 +._ |0-480 ~. |0-596
v = Year 3 723=107 =1=10.082 =2=10.124
-0.360 0.41
r2.273
x._ 10521
=3=10.125
.0.383

Samplie covariance matrices

3: =]116.951 249.093 73.872 117880 227975 -—13.454),

L70.750 73.872 03.414 —-21613 -—-13.454 224.221
304.630 116.330 78.456]

193,678 116551 79.750] [207.228 117,880 -—21.613
232 =

5; =116330 278.237 -16.237
. 78.456 —16.237 152.829
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By examining the results one may suspect an increasing trend in average costs of the
four variables in the three groups. Thus one we would be interested in testing
Hy:6, =8, =8, versus H;: 6, < 8, < §;. That 1s, to see whether there are no
group effects or equivalently no difference in average costs of four vanables among
the 3 groups against an increasing trend. Maximum likelihood estimates of
6,, 6,, 8; under H, are the MIR of x,, x,, x5 with weights s,, s;, s3. Steps of
the algorithm for MIR are given in Table 1. This explains the steps of the algorithm
in the 4-diemensional case. Here 7 cycles of approximations are required for the
convergence. Each cycle of recurrent computations of the algorithm consist s of 4
substeps; one revises one row vector while the other there are tentatively fixed. In
each substep, univariate isotonic regression with weights computed using the entries
of sy, s,, s31s applied on the row vectors of the data x4, x,, x4 recursively.

Example 2

It is expected in general that the students in the universities would show a gradual
improvement in performance in each subject they follow year by year. To test this
we have a taken random sample of students at the University of Kelaniya, who
followed continuous course units in Pure Mathematics (i=/), Physics
i = 2), Statistics (/=3), during the last three academic years.

In this example the simultaneous homogeneity of mean vectors against an increasing

trend of a single group at 3 different time points is considered. Summary results are
as follows.

Group Sample mean vectors
v = Year
47.711 45431 55.770
v = Year 2 Xy= 44.75(;] Xo— 43.650] : Xz= [ 49.09 ]
49.26 45530 55.03
v = Year 3

Sample covariance matrices

16.951 249.093 73.872
79.750 73.872 93.414

117880 227975 —13.454 116330 278.237 -—-162%Z.

83.678 116951 79.730
Sl= 1 Sz
-21613 -13.454 224.221 78.456 -16.237 15282

[207.228 117.880 -21.613} [304.630 116,330 7843
Sg=

Maximum likelihood estimates under the restriction that the marks follow an upward
trend simultaneously in each subject year by year are obtained by the algorithm.
After 13 iterations, the algorithm converges to the MIR and the values are given
below.
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griis: 46.065  46.075 55.770
g2(13d 43.449 43.998 49.090
g3 47.903 47.903 55.030

The steps are illustrated in the Figure 1.

UNEASRAERRRRRAN,

L d
L g

ASLLSSSTST T

~
L 4

N SLISLLT L]

6o 1 2 3 4 5 6 1 8 9 10 1l 12 13
Number of steps
¢ Purc Mathematics a Physics Statistics

Figure 1. Graphical illustration of the steps
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g1V
gV 2.066
g3 0.480 2.167
g+ 0.082 0.596 2273
g1(3) 0.360 0.124 0.521
g2 2.066 0.397 0.125
g3(2) 0.480 2.126 0.397
g4 0.082 0.551 2.282
g1(3) 0.360 0.116 0.551
g3(3) 2.066 0.397 0.125
g3(3? 0.480 2.126 0.397
g4(3 0.548 0.548 2.282
g1(4) 0.360 0.116 0.548
g2(®) 2.066 0.396 = 0.125
g3 0.480 2.130 _ 0.396
g4&) 0.082 0.551 2.327
1% - 0.360 0.116 0.551
g2(s) 2.066 0.398 0.125
g3(s) 0.480 2.129 0.398
g3(s) 0.082 0.551 2.324
g1(6) 0.360 0.116 0.551
g2(e) 2.066 0.398 0.125
g3(e) 0.480 2.133 0.398
g6 0.082 0.551 2.328
PR 0.360 0.116 0.551
PEG) 2.066 0.398 0.125
g3(™ 0.480 2.132 0.398
g¥™ 0.082 0.552 ‘ 2.329
0.360 0.117 0.552
0.398 0.125
0.398
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DEDICATION

This paper is dedicated to the memory of late Professor Akio Kudo who passed
away in February 2003.
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