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ABSTRACT

Estimation o f population parameters by combining the available estimators when 
some prior information is available, is considered by several statisticians. However 
these combined estimators for an unknown parameter 0 are optimal under some 
rigid conditions, and hence they are applicable only i f  these conditions are satisfied.
In this paper a more general method for deriving optimal combined estimators 
for g{d). a function o f 6, is given. Since the population variance is a function o f the 
mean, these results are useful to obtain optimal combined estimators for both mean 
and the variance. As an illustration, optimal combined estimators are obtained for  
the normal distribution, and they are compared with the single estimators existing in 
the combination using scalar mean square error loss.
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INTRODUCTION

The use of prior information in inference is well established in the Bayesian arena of 
statistical methodology. Such information is usually incorporated into a model by 
choosing an appropriate prior distribution. Also in a variety of agricultural and 
biological situations several statisticians have focused their research to find optimal 
estimators when prior information is available. Assuming the coefficient of variation 
is known, Marshall (1936) studied the frequency distribution of insect population 
with special reference to American bollworm. Sen (1978) has considered bird 
surveys for six provinces in Canada during 1967-1970. Preliminary analysis of the 
data showed that the coefficient of variation of a particular bird species was steady 
over the period for each of the provinces. He has further estimated the efficiency of 
the combined estimate of the population mean p  by assuming that the coefficient of 
variation is known for each province. Utilization of prior .information is also 
common in quantitative population genetics problems when estimating the intraclass 
and interclass correlations.
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Some basic results concerning optimal estimators are now reviewed. Searls (1964) 
and Amholt and Hebert (1995) utilized the known coefficient of variation on 
estimating the population mean. Wencheko and Wijekoon (2005) improved their 
results further and derived the optimal shrunken estimators for the mean in one 
parameter exponential families. A general method to obtain optimal estimators fori 
both mean and variance of distributions when additional information (coefficient of[ 
variation, kurtosis etc.) is given in Laheetharan and Wijekoon (2008).

According to their method the optimal estimator is derived based on the complete 
sufficient statistic for the unknown parameter. If such an estimator does not exit then 
a uniformly minimum mean squared error estimator can be obtained by using a 
minimal sufficient statistic defined over a certain class as in the following theorem. 
In this situation, more than one uniformly minimum mean squared error estimators 
defined over different classes may exist.

Theorem 1 (Laheetharan and Wijekoon, 2008)

Let X =  be a random sample from a population with distribution
f [ x ,0 ) and g{d) be a real-valued function on the parameter space 0 .  Let Tt(x)  
and r , ( x )  be minimal sufficient statistics for 9. Let </)x(7j(X )) and^2(7’2(A))be 
estimators of g{&) with E\tj>i (7) (A))] = kjg{$) where A:,. e$R, and without loss of

generality, assume that kt,k2 >0.  If the ratios r,2 = [g(#)]2Var\^((7j(A))] are 

independent of 9 , i = 1,2, then the estimator fa (Ti(x)) = a, V i(r,(x)) has 
uniformly minimum mean squared error (ing(#)) among all estimators that are in 
the class CT. (a, ) = {ai [fa (7) (X  ) ) ] |0 < a f < oo} respectively,

where or,' =ki/(k i2 + r,-2). Further, if k2 < /r, ( r , / r , ) then fa (7j (X )) has smaller

mean square error and if k2 > Ar,(r,/r,) then <j>2 (T2 (a )) has smaller mean square 
error.

However, it is well known that if more than one estimator is given for a particular 
parameter, the most suitable one is chosen based on the desirable properties of 
estimators.

In this regard, the statisticians have also considered the option of combining 
available estimators. According to this option, Khan (1968) and Gleser and Healy
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(1976) have selected an optimal estimator from a set of all linear combinations of 
two uncorrelated, unbiased estimators of mean 0 having a known coefficient of 
variation. Ester Samuel-Cahn (1994) have further improved these results by taking 
linear combination of two correlated, unbiased estimators of parameter 9 with 
known correlation coefficient. In 2001 Amholt and Hebert have obtained an optimal 
estimator by considering a non convex combination of two correlated and biased 
estimators for an unknown parameter 9 as follows:

If Tt(X) and T2( x )  are two correlated biased estimators for 9, and if 
v. = 9~2VargT.(x), A2 = k;vx / k 2v2, the correlation coefficient p  of Tt( x )  and 
!",(*) are independent of 9, and known then the optimal estimator is

r (A ')  = a I*7’1(x ) + a;7;(A '), with a,* =
1 -  pA

kt (l -  2pA + A2 + (1 + p 2)(v, / k 2))’
and

a ' = —7------------ r---- ——:---------i—r, where k, and k , are constants. In the
2 k2(\-2pA + A2 +{\ + p - ) (vJ k f ) )

derivations of a\  a n d a j, Amholt and Hebert (2001) mistakenly provide the term 
{\a-p 2) in the denominator, and it should be corrected as ( l - / ? 2)in both aj  
and or*.

In all the methods described above, the selection of initial estimators Tt( X ) and 
T7{x ) is arbitrary. In this paper a general method to derive an optimal combined 
estimator for population parameters, when additional information is available, is 
considered. This method is primarily based on the theorem 1. As the initial 
estimators, the minimal sufficient statistics are used, and the method can be applied 
to any function g{6) of the unknown parameter 9.

A MORE GENERALIZED APPROACH FOR COMBINING ESTIMATORS

It is well known that one important way of improving estimation of distribution 
parameters is by employing biased estimation procedures. In general, since mean 
squared error (MSE) is a function of the parameter, there will not be one “best” 
estimator. Often, the MSE’s of two estimators will cross each other, showing that 
each estimator is better than the other with respect to the MSE, in only a portion of 

e parameter space. This partial information is also sometimes useful since it 
ovides guidelines to choose a good estimator for a particular situation.
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If a complete sufficient statistic exits for an unknown parameter then there exits a 
uniformly minimum mean square error estimator (Laheetharan and Wijekoon 
(2008)). However in certain situations a complete sufficient statistic does not exit 
and hence theorem 1 can be used to obtain a uniformly minimum mean squared 
error estimator in a certain class. Now we consider the linear combination of two 
such estimators, and obtain the optimal combined estimator. It can be shown that 
this optimal combined estimator is better than the two uniformly minimum mean 
squared error estimators defined over the corresponding classes.

Theorem 2

Suppose A = ( X , X n)' is a random sample from a population with distribution 
f{x ,9)  and let g(0) be a real-valued function on the parameter space 0  . Suppose 
J,(a ) and T2(x )  are minimal sufficient statistics for 9. Let ^ ( ^ ( a )) 
and <f>2 (T2(A))be uncorrelated estimators of g{0) with E\<j>i {li (A))] = kig(9)
wherek. e 91, and without loss of generality, assume that kx,k2 > 0 . If the ratios 

= U (0) r M A W * ) ) ]  are independent of 9,  / = 1,2. Then the estimator 
f  (r, ( X ), T2 (A)) = a\<j>x (Tx (A)) + a\j>2 (T2 (A)) has uniformly minimum mean 
squared error (ing(#)) among all estimators that are in the class

C ,(a,.a,) = Wr,(x),T,(X)) = a,* (T,(x ))+ a,*,(T,(x))| 0 < a, < ■», / = 1,2),

where a /  = ) for i, j  = 1,2 and i * j  are constants.

Proof

Let f { T ]( x \ T 2{x)) = a i<Pi{T]{ x ) ) + a J 2(T2{ x )^  0 < a lta 2 < « .

Then E \ f (T x(x),T2(x))\=(axkx + a2k2)g(9) and

Var]f (r, (X), T2 (a ))J= a 2 Var[^ f t  (A))]+ a\Var\<j>2 (T2 (a ))] .

The mean square error (MSE)of <f>' (7J (a ),T2 (A)) e («,, a 2 )can be obtained as

MSE[f{Tx (A), T2 (A ))J= Vcir[<t>(Tx (A ), T2 (A))] + {e [<P{Tx (A), T, (A))] -  g(0)}2

= or2 Var[fa (Tx (A ))]+ a]Var[<t>2{T2{x))}+{axkx + a2k2 - l ) : W f .  (1)

140



Using the standard techniques of partial differentiation 

d M SE ^(T ,{x ) j , (X ))] /da , -2a ,Var[4,,(T,(X))]k2k,(a , k , k a 2k , - \ ^ ( g^  ^

dMSE\f{T,(X'),T,(X)))lda, = 2a!P 'a ^ ( r i (Ar))]+ 2k,(a,k, + a,k,  - l ) [ g ( e f .

Equating these equations to zero, we get

a, jVarfo (T, (x ))]+ [ « ( « ) ] ’ }+ a 2ktk2 k(*)]! -  k, k(0)]’ = 0

a, k, k  W  + a ! K ” [?s, (T, ( X ))] + ^  [g(Q)]‘ = 0 .

Now by solving these equations the results follow,

«,* =kKT\l{kx2T; + k2 r ,2 + r;r;)  and a 2 = k2f  /{k 2r] + k2r? + t?t2) .

By substituting a ‘ and a , to f  (r, (X ), T2 (X)) it can be easily shown that

» ) 7 I*?? 2 9K t2 +k;rl + r, r ; (2)

minimizes MSE over C4 (or,, a 2), and the minimum MSE is given by

M S ^ - f a W ^ X ) ) ] *  r ^ i r / f t ’r ;  +k\r;  + r 'r ,’). (3)

Then M r , (*)))= / (k,2r ‘ + k t f + r f t )

S '■,!r,, k(e)]2/(2*l*!rlr J + r,!r j )

= r ,r i k W  /(2k,k, + r , r , ) < r  ,  U tf)]!
Vk,,k ,  >0.

s f c + r ' k w r / i

<(r,’ +r,! + (*, + i ,  -1 ) ' h (0 )]!

= A/S£[«t, (7; (X ))+A (T, (X))] ; Vg (0^  e 0
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(4)

Also, note that

(*))]= r M U o ) ] 2 K ^ r l  + k 2t r,a + r t f )

< TIT2 / Ĉ |2̂ 2 + Tl T2 )

= r .Jk W / ( * i 2 +r,2)=  M S£k’(7;(x))]

Thus,A/5£'[^’(7j(A),T2( X ))j< MS£[^(7;(x))J;for; = 1,2, Vg(0), ^ 0 .

Therefore it is clear that the optimal estimator </>'{T\ (A'),7’,(a )) dominates the 
optimal estimators^. (rf(x))  in MSE, and^/(7)(A’))’s inadmissible for / = 1,2, and
more generally ^*(T| (A'),7’2(A')) is uniformly better than any other estimators in the 
classC(j(a ,,a 2).

The above results hold for any probability distribution function which satisfies the 
given conditions, and applicable to any estimator ^(r,(.Y),T2(x)) if the
quantities x] = [g(0)]~2 Var^T^X))}  are independent of the unknown parameter 0 
fori = 1,2 .

Note

lfg (0 )= 0 , ^ ( X ^ T ^ X )  andE ^ X ^ k f i  for / = 1,2. Then T^X)  are 
uncorrelated and biased estimators of 9,  and the optimal estimator for 9 is 
T ‘ ( x )  =  (k i T l T i { x ) + k 2 r ; T 2 ( x ) ) / ( k ; T t  +  /c; t ; + t ^ t ; ) .

Amholt and Hebert (2001) derived the same estimator when p  = 0 and r : = v(. 
for/ = 1,2. Also, if rf = v. and Tt( x )  are unbiased, then with kt = 1, for / = 1,2, 
the optimal combined estimator is T ' ( x )  = (v2r,(A') + vlT2(x))/(v[ + v2 + v,v2), 
which was first shown by Gleser and Healy (1976).

142



APPLICATIONS

In this section the results obtained in section 2 are used to estimate the population 
mean and variance of normal distribution with known coefficient of variation.

Numerical Illustration - Normal Distribution

SupposeX . ~ n ( / j , a 2 ),  /j  *  0, .v e 9? and Mean E(Xj) = j u  and Var(X; )  =  a 2 .

The joint probability density function is

+ M 2 a 2
n
2

log 2 n o 2 (5)

Since the distribution properties of k parameter exponential families are used for the 
derivations, now we recall some of those important properties.

For an iid sampleXx, X 2,...,Xn if vector of estimators 7’(A')= (7 (̂A-),...,Tk(x))
for the parameter vector 9 e 0  exists, and if the joint probability function can be 
written as

^ f 7 )  = n * ( jr i)e * p fe ‘=l»7yZ"-i7y('x* - )-^ (7 ) . where 9 , B{0) are
<=i

real-valued functions on 0 ,  Tx,...,Tk,h are real valued functions on 91 "such

Tj W  = 2  Ti (x>) and A(y) = log!...../ h(x) exp|^ * =1 niTj (x)Jc/x, then the
i=i

distribution is said to belong to a k-parameter exponential family for which the 
dimension of the parameter vector 6 is equal to k (ordim(t?) = k ). A k -parameter 
exponential family has a k -dimensional sufficient statistic regardless of the sample 
size. The vectorT(x) = (7j(jc),...,Tk(x)) is called the natural sufficient statistic, 
which is also complete. If the dimension of the vector 9 , i.e. dim($) < k then the k 
parameter exponential family transforms to a curved exponential family which also 
enjoy many of the properties of the full families. (For more details refer Bickel and 
Doksum, 2000). Note that curved exponential families have sufficient statistic, but 
they are not complete, since the parameter space does not contain a k -dimensional 
open set. (Casella and Berger, 2002). In such two-dimensional cases, a sufficient
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statistic is a vector, say T{X ) = (r, (X \  T2 (X)). This situation often occurs when the 
parameter 0  is a one-dimensional parameter, and then the parameter space is a 
curve in two dimensions which is a subset of the full two-dimensional space 
(Lehmann and Casella, 1998). This follows from the fact that according to the 
theorem 2, we can construct better estimator for 0  by combining the two estimators 
in the joint sufficient statistic (T, (X \  7) (X )).

Note that according to the above description probability distribution (3.1) belongs to 
the two-parameter exponential family with,

If the coefficient o f variation of the distribution v  = <jj n  is assumed to be known, 

then X . ~  w(^/,v2/ i 2). Now the joint probability distribution function (3.1) can be 
written as

f . 1 3"

2 v -  y n  )  2v V
(6)

Since dim(#) < k  (6) represents a curved exponential family with,

r ( x ) = (t; (x \ t , ( * ) ) - ( £ , * „ £ > , - *)! ).

which is minimal sufficient for f u , but not a complete sufficient statistic. Since the 

mean gradient vector, the covariance matrix (or Hessian matrix) and the moment 
generating function o f  T ( X )are E ] T { X ) ]  = n A \r j ) , K ar[7\X )} =  n A "{ i j ) , and

yV TiX)( t )  =  {exp[y4(^+  /)- /! ( /; ) ]}"  respectively, it can b e  easily shown that

4 7i ( x )] = £ [ Z x . ] =n/y ■ M r i M ] = n<rT' =  >

£ [r ,(A f)] =  £ | E =1*,! i = ' V  +<r! ) ,a n d  M r 2( x ) ]  =

V a r \ L " - / i \ = 2 > < A 2 S + c r ! ) •
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Since a 2 = v 2ju2 and W = (n - l ) S 2/cr2 ~ z(n-\) >

E[T2{X )]=(n - l)cr2 = ( n - i y / / J and Var\r2{X ^ = l{n -l)<T4 = 2( w - l W 4.

where S2 = ^ ( x , . - x ) 2 /(//-1 ). For the transformation U -  4 w  it is clear that 

Fu(u) =F^(m2). Hence the probability density function of U is

f„ (,,) = e F  / z ^ ’ r((» -  i)/2); u>  0 .

Then the m‘h moment of U is given by
ec

E(um)= |  um f u (//) du = \2n'12 r((n + m -  l)/2)]/r((« - 1)/2) where
0

as

T {r) = \ X y r-'e->ydy.

Thus the m,h moment of S is

£(S") e (v ) 2*/!r((n -f/n -l)/2) 2- '’r((n + m - l ) / 2)
( „ - ! ) *  ~ (n -l)" ,!r ( (n - l) /2) “ I ,,- !)-"  r ( ( „ - l ) /2) "  '

By applying m = 1, we can obtain an unbiased estimator of a
( , - i f r ( ( n - i ) / 2)

2l' , r(« /2) ’

and an unbiased estimator of u(> 0) as ——^  S
v2'/2r(n/2)

Also note that

Ftfr(sm) = 4 s 2m)-(4 s" ’))2

Var(sm) 2mv2m j r((/f + 2/w - 1)/2)
("-O'" 1 r ((" -0 /2 )

[r((/7 + m - 1)/2)]21
[r((» -i) /2)]’ r

( 8)
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Since E(Sm) = k^im where k = vm 2m/2 T ((« + m -  \)/2)/(n - \)m12 T({n - 1)/2), we can
use S m as an estimator for j f

r 2 = (^-)"V flr(s") =
m . ,2m2mv

and

{ r((n + 2w - 1)/2)
(n -  l)m \  r ( (n - l) /2)

[r((n t m - l ) / 2f | 
[r((« -i) /2f  J

Note that A (r, (x))  = X '., *, . A f a  (*)) = 5 ,are uncorrelated. Then substituting 

rtfa (x ))an d ^ fa (x )), *, = a , *, -  o2'«r(tt/2)/(n- l)l,!r((n -l)/2), and 
g{/z) = pi to theorem 2.1 we can easily show thatr,2 = [/r] 2 (7j(X ))]=« f 2,

-0 = M '’ M fS fa (* ) ) ]

_ 2o; f r((tt + 1)/2) [r(n/2f  ] , f  2[r(n/2)]! j
(n - l )  [ r ( ( r , - 0/ 2) [r((«-1 )/2)]z J 1 ( „ - lX l t" - 0/ : ; ? ] ’

and k 2r\ + k \ r ,2 + r,2r 2 2"[r("/2)]! I 
(» -iX r((tt- i)/2f } '

Thus the optimal, combined estimator of the mean n  is

2[r(a/2f V » A
I * ,(« - l) [ r ( (« - l) /2) f J l t r  ' )  (n - 1)1/2 r((n - 1)/2)

v2l/2r(n /2)

J . ' l r r ( v \  t  ( v \ \ - L  jv<=* y  \ n - l J L \ V 1 '

*  {T' [ X ) J A X ) ) ------- [n + , 2-2„(r(„/2))2/(„-,Xr((,.:iV5fl (9)

and the optimal combined estimator of standard deviation er(= v/j) is given by

1- 2[r(n/2)F
(" -  'Xr((» -  i)/2)f

n

I * .
v22l/2r(n /2)

( n - l f r ( ( » - l ) / 2)'~ ‘A1 j v |=| j  v ‘ ~ 1 w 1 ~

[» + ^  -  2»(r("/2)): !{n -  0(r((n -  0/ 2))’ ]

Note that Gleser and Healy (1976), have taken the two estimators as
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Tx= X  and Tz = ((// -1 )/«)l/2 cnS with c„ = «l/2r[(n - 1)/2]/(2a)'12 r(/j/2), and 
dn = [/?■' (/; - 1) ac2 -  lj, a = v 2, and shown that the optimal combined estimator of 
p  as 0’(Tl(x),T2(x))=(dllTi + n 'a T 2)/[dn + n~'a + n~'adn). Instead of 

(r, (X)) = X. and <f>2 (7, (X)) = S , if we substitute the estimators Tx = X  and

T-, = ((u - l) /» )l/2cn5 to theorem 2.1 the same optimal combined estimator can be 
obtained.

Next, to derive the optimal combined estimator of a 2, consider, X  ~ n (p ,ct2).

Then e [x }= p, Var{x) = <j2/ n , and

2)= Var(x)+ = a 2/n + p 2 =(l + v 2/n)p2.

Hence X~ is an estimator of p 2. Similarly it can be shown that

o

e [ x  ^ - p 4 + 6 p 2 a 2 f n  +  3 a 4 / n 2 . ( 10)

Then Var[x )= e {x  ] -  e [x ’  ̂ = p 4 + 6p2 a 2/n + 3cr4/ n 2 -(cr2/)i + p 2)~
= 2 a 7(2np2 +<72)/n2 = 2v2(2n + v>2)p 4/>r . (11)

Now to derive an optimal combined estimator for a 2 apply
<t>XTXx))=x\<i>2{T2{ x ) )= s 2, k{ = ( i+ v2/ n),
k2 = v’2T((/7 + 1)/2)/(n -  l)r((/j - 1)/2) = v 2, and g(p) = p 2 to theorem 2, 
s i n c e (7̂  (X))and (T2 (x ))are uncorrelated. Then we can show that

•= \ p \ 'V a r  \x = 2v2 (2n + v2)/«2, 

= 2v4/ ( n - \ ) , and

1 2 1 . 2 1 ■> > 2v
* . r ,  + k , r ;  + T ' t ; = — —

n~
(n + v2)" {n + \ \ 2[ln + v 2)

( - 1) + (« - l)
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Thus, the optimal combined estimator of / r  is

(n(n + v2)/(n - l))^2 + (hi + v2 )s2

( 12)

is the optimal combined estimator of the population variance v 2/ j2 = a 1.

To assess the efficiency of estimators Scaler Mean Square Error Loss (SMSEL) 
(Kanfuji and Iwase, 1998) is used. The SMSEL of any estimator T(x )  for g(&) is

SMSEL[T(x)] = MSE[T(x)]l(g(6jf = T l [ k 2 + T 1 ) ' , where MS£[r(x)] is the 
mean squared error of the estimator T(x).  Thus the SMSEL of [0*(r,(x),r,(x))|

SM SE I^’i (T.'{xy)\ = t ': {k: + r,2) ' respectively, and the SMSEL = 0 when the 
estimated value is equal to the actual value so that the distance between <f>’ {Tt (X)) 
and g{d) is around zero. The notations OSE1, OSE2 and OSE3 are used to 
represent the optimal shrunken estimators for ^ ’(r,(x )), <f>](T, (X)) and the 
combined estimator ^ ’(^(X ^T ^X )) respectively.

SMSEL o f mean estimators

To estimate mean fi the selected minimal sufficient estimators are 

<f>x (T{ (x )) = X . , and <f>2 (T2 (X)) = S , and the optimal combined estimator is
found to be
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The SMSEL’s of the estimators are

SM SEL^fr ( * ) ) ] - ■ ' - ’ / ( »  +  ■ '■ ). SM SElfafo ( * ) ) ] =  1 - and

2(r(«/2))!

SMSEL.[f {T\ (X), T, {X ))|=-----[ (” [Xr ((” lW )

v- + n U -
2(r(«/2))J

(» - iX r((» - i) /2 ))!

The SMSEL’s of these estimators are compared for three different values of 
coefficient of variations CV = 0.3, CV = 0.5, and CV = 0.7 with increasing sample 
sizes.

According to the Figure 1 (see Appendix) it is clear that OSE3, which is the optimal 
combined estimator, has a minimum mean square error with respect to the other two 
estimators. Also the estimated value is very close to the actual value when the 
sample size is increased.

SMSEL o f variance estimators

The minimal sufficient statistics ^(7^(A'))= X~ and <j>1(T2(x)) = S 2 are taken as the 
possible estimators, and the corresponding optimal combined estimator is

f i T X x l T ^ X ) )
[n (n +  v 1}j{n - 1 ))^  + (2n + v 2 ) s 2 

((« v -' + v j / (n - 1))+((« + 1)(2n + v 2)/(n - 1))

Their SMSEL’s are

n~ +6n v' +3v n + 1

S M S E L ^ f r iX lT ^ X ) ) ] -
n2 + 2 n(n + 2)v2 +(n + 2)v4

respectively.
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In this case also it is clear that the optimal combined estimator for the variance, 
OSE3, (see Figure 2 in Appendix) has a minimum mean square error with respect to 
the other two estimators. As in the mean estimator, the estimated variance is very 
close to the actual value when the sample size is increased.

CONCLUSION

It has been seen that the suggested optimal combined estimators are more efficient 
with known prior information. Although in this paper normal distribution with 
known coefficient of variation is considered, theorem 2.1 can be applied to other 
probability distributions with any other available prior information (kurtosis, 
skewness etc.).
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